The purpose of this paper is to present the theorical connection between the Itô stochastic calculus and the Financial Econometrics. This paper has two contributions. First, we give the backgrounds on how the stochastic calculus is used to model the real data with the uncertainties. Finally, by using Consumer Price Index (CPI) from the Central Bank of Congo and combining the Itô stochastic calculus and the AR (1)-GARCH (1, 1) model, we estimate the stochastic volatility of inflation rate measuring efficency of monetary policy. Thus the stochastic integrals are the powerful tools of mathematical modelling and econometric analysis.
Introduction
In most dynamical systems which describe processes in economics, engineering, and physics, stochastic components and random noise are included. The stochastic aspects of the models are used to capture the uncertainty about the environment in which the systems are operating. For example, there are suggestions that increased uncertainty makes fiscal policy temporarily less effective [1] . Real life generates situations that require making a decision under uncertainty [2] [3] [4] [5] . By taking account of data uncertainty, the indiscriminate reduction of uncertaint observations to real numbers is avoided [5] . Uncertaint data implies information exhibiting inaccuracy, uncertainty and questionability [5] . The mathematical modeling of the uncertainty in economics and finance can be found in [2] [3] [5]- [12] . Therefore, the stochastic state space models and time series analysis have been both intensively and extensively developed during the past twenty years. A unified theory has been constructed during this period and the concepts and methods have been widely applied to problems in the area of engineering and communication, economics and management. Because of these developments, interest in stochastic state space model and its applications has greatly increased in econometric research. This paper presents the stochastic integrals and numerics which permit successful mathematical modelling not only in econometrics but also in many other fields such biometrics, psychometrics, environment science, and hydrology, assuming of course that a suitable sequence of observed data is available.
For estimating the parameters of both stochastic continuous and discrete-time models, the methods of maximum likelihood are usually used by researchers because of its capacity to give the best unbaised estimators [9] [13] [14] [15] [16] [17].
The purpose of this paper is to emphasize on the linkage between the theory of stochastic integrals and time series analysis used in the econometric analysis [6] [16] [18] [19] [20] [21] . The stochastic integrals and numerics are considered as bridges that link the stochastic continuous-time models and the discrete time models [14] [18] [22] [23] [24] [25] .
The structure of the paper is as follows. In Section 2 we will give the theory of stochastic integrals that is usefull to economic analysis. In Section 3 we give some stochastic differential equations used as econometric models that are used to express the economic theories. Section 4 gives some numerical methods to perform the empirical analysis. Section 5 illustrates the use of the stochastic integrals to time series econometric by estimating the stochastic volatility from the Autoregressive-Generalized Autoregressive Concoditional Heteroskedasticity model, that is, AR (1)-GARCH (1, 1) model.
Stochastic Integrals
Since the works of Kuyosi Itô the field of stochastic integrals attract the attention of many mathematicians and researchers [19] [26]- [33] .
Itô Stochastic Integrals developed here are from [28] [29] [34] [35] . belongs to loc  , then ( t X ) will be called a continuous local semi-martingale. 
fined and has the following properties: 1) Linearity. If Ito integrals of ( ) X t and ( ) Y t are defined and α and β are some constants then
The following two properties hold when the process satisfies an additional assumption
3) Zero mean property. If condition 3 holds then
where E denotes expectation with respect to classical Wiener measure. 
4) Isometry property. If condition 3 holds. Then
where E denotes mathematical expectation.
We denote by mn  all real-valued m n × matrices and by 
where each of the integrals on the right-hand side is defined in the sense of Itô.
 be bounded and continuous and have bounded, continuous derivatives of orders 1 and 2. Then,
Stratonovich Stochastic Integrals. In [39] , the multidimensional Stratonovich integrals ( ) m S f can be expressed by the following formula using Itô in-
where Tr denoted the iterated traces that are defined formally starting with ( ) ( ) 
where the derivative of Brownian motion is understood in the distribution sense.
In the sense of Hu and Meyer [39] , a Stratonovich integral is given in rigorous form as
where f is a finite sequence of coefficients 
Stochastic Calculus. Let ( )
. We denote by Q the totality of quasimartingales. 
The equivalence class containing X is denoted by dX and is called the stochastic differential of X. As known, by definition,
We introduce the following operations in dQ [36] .
(1) Addition:
the martingale parts of X and i respectively.
We define an element dX Φ ⋅ of dQ by
Theorem 2.5. [36] The space dQ with the operations (1), (2) and (3) is a commutative algebra over B, i.e., a commutative ring with the operations (1) and
(2) satisfying the relations (a) ( ) 
(4) Symmetric Q-Multiplication
The space dQ with the operations (1), (2), (3) and (4) is a commutative algebra over Q; we have for , ,
The stochastic integral
is called the Stratonovich integral or the Fisk integral or sometimes the Fisk-Stratonovich symmetric integral. Indeed, we have the following theorem:
For every X and Y in Q, 
Then we define the Skorohod integral of ( )
where ⊗ represents the Kronecker product.
Wick Product. The Wick product was introduced in Wick (1950) as a tool to renormalize certaint infinite quantities in quantum field theory. In stochastic analysis the Wick product was first introduced by Hida and Ikeda (1995) . The
Wick product is important in the study of stochastic differential equations. In general, one can say that the use of this product corresponds to and extends naturally-the use of the Itô integrals. The Wick product can be defined in the following way: 
For the relation between the Wick multiplication and The Itô-Skorohod Integration we put 1 N m d = = = for simplicity. One of the most stricking features of the Wick product is its relation to Itô-Skorokhod Integration. In short, this relation can be expressed as
Here the left hand side denotes the Skorokhod integral of the Stochastic 
Stochastic Differential Equations Models
The objective of this section presents in short the two main types of stochastic differential equation models. The theory of stochastic differential equation is very vaste and well known by Engineers and other scientists but less known and understood among economists. For further reading the reader can see [36] [43]- [48] .
be a diffusion in n dimensions described by the multidimensional stochastic differential 
x y x y (24) for any given ( ) 0 X the strong solution to stochastic differentional Equation (27) is unique. If in addition to condition 24 the linear growth condition holds 
where the constant C depends only on K and T.
The following theorem gives the solution of stochastic differential equations as Markov processes. , t T whose initial probability distribution at the instant to is the distribution of C and whose transition probabilities are given by 
Here the state vector has two components: ( ) Y t and ( ) R t . The first one is normally referred to as the state while the second one is regarded as the mode. In its operation, the system will switch from one mode to another in random way, and the switching among the modes governed by the Markov chain ( ) R t . 
where 0
x is an m-dimensional random variable. 
one-dimensional Wiener process. We assume an an t  -adapted Poisson meas- Consider the Itô Stochastic Partial Differential Equation of the form as mentioned in [27] ( ) ( ) 
Numerical Methods for Stochastic Differential Equations
In this section we give a brief review some numerical methods used in the stochastic analysis that can be usefull for economists and social scientists. These main books can help econometricians and economists to improve and understand the numerical methods for stochastic analysis [27] [45] [55]- [61] . The numerical methods for stochastic ordinary differential equations can be summarized as follows.
The Euler-Maruyama Scheme. We consider a scalar Itô stochastic ordinary differential equation (SODE) [27] ( ) ( ) 
for
Here (40) Methods for Stochastic Partial Differential Equations. This material is from [64] ( ) ( are the linear-implicit Euler and the linear-implicit Crank-Nicolson schemes [27] .
X t S t t X t S t s B S s t x t Bx r r S s r G x r M r s S t s B S s t X t BX r r S s r G x r M r M s
The Euler scheme 
The Crank-Nicolson scheme
Here it is necessary to assume that 0 λ ≥ for all i ∈  in Assumptions 2 in order to ensure that ( )
Convergence of SPDE with Multiplicative Noise. The convergence of the exponential Euler scheme will proved under the following assumptions. 
The convergence theorem for SPDE model 32 
is the numerical solution given by 42, k k t T M = for 0,1, , k M =  , and 0 γ > is the constant given in Assumption A8. In time series analysis, autoregressive integrated moving average (ARIMA) models have found extensive use since the publications of Box and Jenkins (1976) [25] [70] [71] .
Application to Stochastic Volatility Estimation
Maximum likelihood methods are widely used for estimating stochastic volatility [18] .
To facilitate our discussion we will specialize the general continuous time model with zero drift, i.e.
where the stochastic processes , Here ( ) 2 t σ is a stationary process with nonnegative values and is called the stochastic volatility. The µ is the speed of adjustment of y to its long-run mean, γ , and σ is a positive scalar. And also 
η following a t-Student distribution and the variance equation that can be presented as follows
is a vector of two standard dimensional Brownian motions that are independent with zero mean and unit variance, and are defined on
In time series analysis, a process t y is called a GARCH(p,q) process if its first two conditional moments exist and satisfy [13] (1)
(2) There exist constants ω , , 1, , Another important theorem for our analysis is the secon-order stationarity of the GARCH (1, 1) process. To estimate the parameters of these models we use the maximum likelihood method. The maximum likelihood method provides the best estimators and efficient estimators [13] [73]- [78] . The density f of the strong write noise is assumed known.
This assumption is obviously very strong. Conditionally on the σ -field where max L is the log-likelihood, k is the number of parameters, and n is the number of observations. Among a finite set of models; the model with the lowest criteria is preferred.
Empirical Results
In this study we modelize the stochastic volatility of inflation rate observed by With the Jarque-Bera statistic, 346.8773, it indicates that the inflation rate does not follow the normal distribution. It is well known that the fundamental task in many statistical analyses is to characterize the location and variability of a data set. A further characterization of the data includes skewness and kurtosis. The Skewness statistics is a measure of symmetry, or more precisely, the lack of symmetry. A distribution, or data set, is symmetric if it looks the same to the left and right of the center point. The Skewness of 1.52 indicates the moderate level.
In statistics, the Kurtosis is a measure of whether the data are heavy-tailed or light-tailed relative to a normal distribution. That is, data sets with high kurtosis tend to have heavy tails, or outliers. Data sets with low kurtosis tend to have light tails, or lack of outliers. Kurtosis statistics of the inflation rate 9.23 more large than 3, and Jarque-Bera statistics indicate that inflation rate does not follow the normal distribution. With high kurtosis statistic, 9.2287, there is an indication of inflation volatility.
We use a Student statistic test of statistical significance and find that parameters estimations are all statistically significant. Results confirm that the past volatilities affect the current volatility of inflation rate. Thus, we the dynmical behavior of volatility. We restrict the constant term to a function of the GARCH parameters and the unconditional variance: 0.5635 0.4363 0.9998 + =, this means that the past volatility information contributes to current volatility of inflation rate at 100 percents. Therefore the purchasing power of congolese householders is also volatile.
The postestmation tests of Ljung Box (1978) , Q-Stat = 3.0639, and ARCH test, 0.0171, show that there are any remaining ARCH effects in the residuals.
Concluding Remarks
Since the Itô's works, the stochastic integrals and stochastic differential equations attract the attention of many researchers in the fields of mathematical modelling. In this paper, we emphasize on the application of stochastic integrals and differential equations in the economics and finance. Comparing to discrete models, the stochastic continuous-time models have many advantages because they take into account the uncertainty. The limit of this approach is the complexity of stochastic calculus and stochastic numerical methods. As mentioned by scientists (see Wiener, Einstein, Itô) the uncertainties are anywhere and anytime; therefore the stochastic integrals must be well known and understood by all scientists.
